Plane intersections of ellipsoid

G.Tsintsifas

Theorem.

\w

Let (¢): Y% = 1 be an ellipsoid in E" and Q(r) = (M/M.7y = r),
Q0) = (M/M.7" = 0) are the perpendicular n- planes to 7y at r and 0
from the center O of (c). We denote by py, po, ...p, the directional cosines of
7o, that is 7y = © = (py, pa, ....pn) and the intersections ¢(0) = Q(0) N (c),

T

c(r) = Q(r) N (c). Then it holds:

s

area ¢(r) X zpZ — 72

area c(0) XL ap}

Proof

The equation of (c) is refered to the Cartesian orthogonal system of axes
Oxy,0xs,...0x,. We will find the projection of ¢(r) to the hyperplane
e=0x12Ty....0,,_1.

The equation of Q(r) is:

Q(r) : piT + piTe + o puTn, =T (1)

So the projection we will be

n—1 _.2 n—1 2
% 7” - pixi)
ce(r) - E Pl a;pQ =1 (2)

where ¢.(r) the projection of c(r) to the hyperplane e : Oxqxs....2,_1.
from (2) we take:

n—1 1,n—1 n—1 2
1 pzp]xlx] T T
) = Fla) = X (a?+%p )x 2 z e b2 S piik g1 =0
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Let ¢(x,x) the bilinear form of F(z) and L(x) the linear part of F(z), that

1s:

F(z) = ¢(x,x) + L(z)

We denote by d the characteristic determinant of ¢(z,z) and D(r) the char-
acteristic determinant of F'(z), D(0) the characteristic determinant of F'(x)

for r = 0.
The calculation of D(r) (quite complicate) gives:

n_ 2,2 .2
D(r) = —22 ap; "
a1a2 pn
and W 9o
D(O) — 1 azpz

2
ajai....a2p?

(3)

(4)

We now suppose that the characteristic roots of the bilinear form ¢(z, x) are:

A1y A2, -e.An_1, S0 the equation of ¢.(0) and c.(r) are:

D(0
(0) /\1[E +A21’ +)\n1n1+((l):0
D
(0) )\11‘ —f-)\gl‘ .t /\n 1ZL’n 1 + C(lr) =0
Obviously
area c.(r) area c(r)
area c.(0) area c(0)’
but
area c.(r)  D(r)  YVaip; —r?
area c.(0)  D(0) Ta?
That is
area c(r)  YTaip; —r?
area c(0)  YTa?



