A problem of Geometry.
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Let A; A3 A3 be an equilateral triangle inscribed in the circle (O, R = 1).
The point M is on the circle so OM = v, [v] = 1. We denote OA; = u;.
(a). Prove: 3 (u;,v)? = 3/2
(b) Find Max Y9 |(u;, v)]

Solution
()
By symmetry

Uy + Ug + Uz = 0

Also
u% + uip.ug + up.uz = 0
That is
14+ 2u3.u5 =0
We easily see that
1

(us.uj) = —iafm‘ i FJ

We suppose now
3
v =piug + pous +psus and Y pi=1 (1)
1
where p; the barycentric coordinates of the point M
3
v* = (O piw)? or 1=pi+p;+ pi — pip2 — paps — Pspr (2)
1

From (1) follows that

1 =pi + p3 + D3 + 2p1pa + 2p2p3 + 2papa (3)

1



we multiply the relation (2) by 2 and then we add it with (1). we take

pi+ps+p=1 (4)
Also 4 3y 1
v.auy = pp + (7>(P2 +p3) or vy = 5
then )
vy = AP (5)

2
Adding with respect 1,2,3 and from (1),(4), (5) follows that

3

> (ui,v)* =3/2 (6)

1

(b)
We now believe after the formula (6) the inequality of Cauchy- Schwarz will
lead us directly to the solution. Let see it.

(uy,v)% + (ug,v)? + (us,v)? S luy.v| + |ug.v| + |ug.v|]?
3 - 3

and then q
— > |ug.v| + |ug.v| + |us.vl (7)

V2

Is the problem solved?? But not. The Max of |u;.v| + |ug.v| 4 |ug.v| is when
|uy.v| = |ug.v| = |us.v|. But this relation does not exist in Geometry.
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We suppose that M is in the angle A;OAs and |uy,v| = |ug, v|. Hence the
point M must be the diametrical A} of the point Ay, that is A} = M.

But then |ug,v|] = R = 1, that is |uj,v| = |ug,v| # |uz,v|. That is, the
relation (7) is no true.

We will try otherwise. We see that uy.v + us.v + uz.v = 0, so we can suppose
that uiv, usv > 0, and us.v < 0. So we have:

3
Z lu;v| = (ug + ug — uz)v = 2(uy + uz)v < 2Juy + us||v| = 2|ug + us
1

or
3 2 1
{Z |ui.v|} < s + ol = 40 + o + 2u1.05) = 42— 25) =4
1

Hence Max Y% |u;.v| = 2. For M = A}
The Generalization

The regular simplex S,, = AyAjs....A, 41 is inscribed in the unit sphere (O, 1)
in ™. Let OA; = u; and M on (O, R). Suppose that OM = v. Find the



Max 35 u; 0],
We work as in E? and we find that u;.u; = -
For some index m € (1,2, 3.....n) we will take

n+1 m n+1 m m
Z|ui.v|—{2ui— Z Uu; .U[QZUZ}USQIZuA
i—1 i=1 i=m+1 i=1 i—1

Also (
m 1 mn—m+1

e 5 my, 1.
>l m+< (—o) =T

The max for m = [*] and equal to

n+1

vn

for n=odd and Vn-+2 for n=even

P.S.

We can determine the point M so that the vector OMO gives the Max. We
divide the points Aq, A, ...... Ay int two groups Gy, G so that the first in-
cludes [2$!] points and the other n — [%1] points. Let g1, g» the cendtroids
of GG1,G5 respectively. The line g;¢» intersects the circonscribed sphere to
points My and Mj. The number [*3] determines and the number of solu-

tions.
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