[TpopAnual.

Eoto 10 tpiyovo ABC, Ay, By, C) ta péoa tov toéwv C, O, xa AY, By, C] ta
GUUUETPIKA TOV HEGOV TV TOEMV TTPOG TIG avTioTotyeg TAevpEc, H to opBdkevpo.
Aciate ot to H A B CY etvan eyypayipo.

AmodeiEn

O kbxhog BHC eivan ovppetpikdg tov ABC mtpog v mhevpd BC dpa 1o onpeio

A’ givon coppeTpkd tov péoov A tov toEov BC.
Bewpovpe v aviietpopn I pe moro to H ko dovaun AH.HD, = BH.HE,

CH.HZ.
Ba &rovpe PA.oYNUOL.
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(C) = 73

To onpeio A’ eivar to ixvog g e&mtepiknc dyotopov g Yoviag Z1 H By apa
Ba &yovpe

Z, Al ZH
FE\AY  EH

Avaloyeg oyéoeig mpokdmTovy o ta onpeta By, C1' . Ao to Osdpnpa tov Meve-
Aéov oto tpiyovo Dy Ey 7 mpokdntet ot Ta.onpeia AY, By, CY keivtonen' evbeiog
(). H avtistpoen 1! diver m Avon.

Bipioypagia

1.Advanced Euclidean Geometry ,R.A.Johnson pag. 228 Theorem of Fuhrmann
Dover Pub.

2.I'eopetpia, I Toiviowpag tevyog 1, aoxk 1091,1481

[TpoPAnpa 2

Aidovtar 6vo Gvicor kokAot (O1, Ry) kou (Oa, Rs) tepvopevol ota onpeio A
kot B. Ao 10 B @épvovpe kdBeto oty AB tépvovca tovg kokhovg (O Ry) kat
(Og, Ry) oto onueia I ko A avtictorya. Eoto M 1o péco tov tpunpotog AB. Ot
AM o1 I'M tépvouv toug kvokiovg ota Z kot E. Astéate ott Z,ALE oyt en'gvbeiag.

AmodelEn

Atomoc amaywyn.
Eotw Z,AE gubeia. Ta tpiyove TAA,ZBE 6powa. AB givar kd0etog oty T'A. Ta
vyn AB ,BH kd0etog ot ZE. Ot avtictoyeg yovieg evor ioeg Apa <HBE=<BATI
aArd tote <BEH=<BTI'A. AnAadn 1o tpiymvo I'AA eivar icookerég. ATOIIO.



[Tpofinua 3.

Let A; A2 A3 be a triangle and inside the points M and M’ . Prove that |M —
M"| < d where d is the diameter of the triangle.

Proof

We suppose that N (py, pa, p3) and M'(p}, py, py) the barycentric coordinates
of the points M, M’. We have p;,p; > 0and > p; = 1,> p} = 1.
Therefore M = Y p;A;;, M’ pl. so we have

M—M =3 pAi—M = p;— O p)M = pi(A; — M)
But
Ai = M = (D p)Ai — (D piA) = phi(Ai — Ar) 4 pa(Ai — Ag) + py(Ai — Ag)
So we take
M—M =% "p Y pi(Ai = A; = pipi(Ai4;)

but d = max|A; — Aj|so |[M — M'| <d
Problem 4
Let x,y,z,t be stricly positive real numbers. We suppose that

> ay/6 =xyzt ()
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where Y for the cyclic summation.
Prove
4 —8Y2 4812 (pyet)' 2 <z 4+y+ 2+t <4824 82 (xyzt)

Proof

we easily fund from (1) and A.M-G.M that xyzt > 1

For the first inequality, we obviously have

(4= 8Y2)[1 — (zy=t)2] < 0

that is 4 — 8'/2 4+ 812 (zy2t)'/? < 4(ayzt)'/? (a)

but,using (1) we easily find that 4(zyzt)"/? <z +y + 2 + 1 (b)
From (a) and (b) follows the first inequality

For the second inequality

T4y+z+t<4—8Y2 182 (zy2t)

things are quite difficult. So we need some preliminary results.

(D).
From the AM-GM inequality in (1), we easily found that

xyzt > 1

Ifz,y,2,t > 1then } zy < zyzt + xyzt + ...xyzt = 6yt
So it is impossible to be all the variables bigger than 1

Similarly, we see that is impossible all the variables to be smaller than 1.

)

€)

That is impossible to be all the variables bigger or smaller than 1. Here we have

to point out, in the case of x,y, 2,¢ > 1 the inequality (2) is correct. Put x

l4+a,y=1+b,2=14c¢,t =1+ d and use the Bernouli'ineqality.
(2)

We use the Newton and MacLorin 's inequalities. See Ref. (1),(2) or(3).

Let

> Ty Y rYz
4 y 2 6 ) 3 4 )
Newton's theorem asserts

dy dy = xyzt

&> dydy  d2> dyd,

From the above we find

dy > dy

Also using the Maclaurin inequality

dy > Vds
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we find
A2 >dy >dy > 1 (4)

Equality d; = d, for v = y = z = t and holds the opposite.
From the given we easily see that dy = dy > 1.
If we suppose now that
t>r>y>=z2 (5)

the condition d; = 1 meansthatz =y =2 =t = 1.

3).
From (1) follows that

- Ty + Yz + 2x ’ £>0
bryz —x —y — 2
From here we see that
bzyz —v—y—2>0 (6)
but
<:z: +y+ z) > 2y
3
or 6
27(x+y+2)3 >6ayz >x+y+z
and finally
3
rtyt+z=>—F 7
yrzzp (7
Now we will prove the inequality (2)
We assume that the relation (5) holds and we consider the polynomial
ft)=(V8ryz — 1)t +4— V8 — (z+y+2) (8)

We suppose f(t) as function of t. We fix at the moment x,y,z. We will prove that
f(t) is positive so the inequality (2) is correct.

(a).
We will prove that v/8zyz — 1 > 0
Let us suppose the opposite, that v/8zyz — 1 < 0. then

3
bryz < ﬁ 9)

But we know that 5
rT+yt+z>—7

V2



see(7), hence
bryz <r+y+=z2

The last is impossible according (6).

(b).

The function f{(t) is continuous and increasing. Indeed, for ¢ = ¢;,%; and t5 > ¢
we have

fts) = f(t1) = (VBayz — 1)(ta —t1) > 0

therefore f(t2) > f(t1). So according (4) and (5) for t = t; = 1 we will have
t=x=y=2z=1and f(1) =0, thatis for ¢ > 1 we have f(¢) > 0. That is the
inequality (2) is correct.
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