- Geometry Of Simplexes

G. A. Tsintsifas

We present in this paper some  propositions for a
n-dimensiona®  simplex.

We use the *o@@owina symBols.

The ponts A, As,As,..., Anss are the uvertexes of
the  n-dimensionaf simplex 6™ in R™.

V®: The n-dimensional linear mesure of ™ (The vo-
lume in  Euclidean metric space).

Gf""’: The (n-1)-dimensionaf simpfex (or the q_i)-}cce)
opposite to the yvertex A;.

V™. The wolume of the, e

ai=aji = The edge d4iA;.

B pee™ VT(p is the uvolume of the simplex with
NEVEERES RGAR .. Ay 9 P Nias ox e os Amas-

B piee™. V™Ap) is the votume of the sim.
plex An';‘zs cow A s Aipr 53 Ay 3 Pia Aipr s ooy Angy . ‘
| h;: The distance of the uvertex A; from the &7,
and d;i the distance of the point pee™ from e

AlP=xi , PPi=u;.



Proposition 1.

Let o™ B8e o simplex in R™  with vertexes A,

Ags-s Ana.- i p 18 an . interior point and p= Apr\e(""

the produc b o
N1 (n=1) n-f
VJ& .’(p43 Vjt ‘CPQ) T Vj(““ ( P"“)

is constant for Giel1,2,3,...,m41) A je#ix A QamA,

PROOF :

We wuse the Barycentric coordinates ot the affine
Qeometra. : :

# pea™ (interior point) we have

p= f)\ A., ()
where A >0 and F =1,

From (1 we obtain

nil

p= A+ (- ,\.)); ,,“ (2
i=i
and consequently
S L
s i=1 -ri—)\'ll. : e

2. Lemma.

I p s an interior point in a e™-simplex A,A,
vy A and p=gqi A (Cu>0s§,%=1) the ratio y;fie)
has the same arithmetica® alue for e (4,2,...9mp1].

In %o Pr;)ue this we use the method of the
mathematical induction,

For m=2 the proof is elementary.

We assume that the proposition is true Aor
m=k and et P.-Aéne;.'

We have Pi“»ﬁ a, Aj and {rom the assumption

1i

for the 61( -s\mpEex‘ we have



v te) Wty -M=ﬂﬂ_‘&l . (4)
G " 92 " T Qv Qis Quees

refations (4) with

We multiply successively the
corresponding terms

-‘}‘- and %‘L and suétract the

Taking into . account the refation

-1 )
.:‘_I-u V;“ )Cp;)--%-d-tv:m(pa) = V:(p7 (e#l)

we have
(w)

YR L Va®) L M | Ve | Ve
! 9e Q-1 Qi Gt

wag with " the Simpeex

We wor k new in  the same

P e S | we oBtain the desired result,

3 We return now to the preot of the iheorem.

Using the oaBouve <Lemma we have for the simple-
xes " i AR en?  the rePations
-1 -9 (wet) =
Vo 2D _ oo tp) _ Ve CR) _ Vars CR)
O e SRR b ol ul SR e
et} ne 1)
Can VB o R Yoo (Ba)
Ay As Ants
(ne1)
V. ; (py) _ (s)
‘Wt (Il-l) of
Vq( )(PMJ__, XQ(PM\) R ST R L V!(- 'J(EMI)
)4 Aﬂ Aﬂ

We chan ge the order in each ¢ tne of (3 in
such a way that the indices of the \s ap-
deneminator to @e atl different

pecvin8 in  the
mu?’cip?g“ the terms in

in each @fumn, [ vrow we

each colurmn we obtain.

(n-1) (-9 (n-1)
Yie () Vj: (Pa):: - Vj:, (pnst) const.



_Proposition 2.
Let p 6e a point in the interior of the sim-

p(’,ex & n i and pi=Aipn 6(-."'0

we cal V%  the wolome of the m-simpfex
with vertexes PrsPas- -3 Prs . We will prove that
Iv=eed] ¢ 5w V7
PROOF.
I Msda s shny dre the Barycentric  coordinates

ol the point p we have

net
P= & M "
and Yo , ;x;-1.
=
We know ( p\-oposi.‘l"lon 1.3) .
i :
J AiAi
Pt=§ 1A @)
i®i
Let © Xiy, Xia s Xizgs -+ -9 Xin OnA A oAy Ay 5 -3 Qin Ge

the coordinates of the points pp and A{ in on
or{:hoaonqe system .
we have fProm (@)

A
i = g oh % ®
K:[‘l,a,...,m—‘!] Qnd j=[1.Q,...,n].
We kKnow that

1 Xq4 X2 X 4n

1 X2y Xaa Xan
V) =2 )
P) =T! 1 xs1 ...... . (4




The  suBstitution of @)

n @ will aive
0 )‘2 A} . - XM(
Ko & Ky o» ouw o A :
= (® (W
H('\’)ﬁ.)v ZP)'-' Ay A O o S oy Ay V
X‘ A‘ A‘ & . . O

nsd o M1 (m
ond r! -V (P = C~ﬂ"nn MY
s =

The vefation ©etween the arithmetical ond geo-

metrical mean 1S |
i nl _;“_
1-)\;_=E' \i 2 hm Aj
1kl i
Therefore
"-"1‘
(w) ¢ g Al 9
IV (D.)l é‘ hnﬂl"\i |V l

and

l V‘"‘(P)ls ;‘:T\ I V (m

Equaei.ta. hotds 'U!' and on?a |* P
center,

is the bear gy -

Proposil’.ion 3.

Let =] e a poimt in the
(Aip)=xi , (ppi) =u;  with

whi
%,
1, 5 3% 2 Nined)

2. ﬁ X, ¥ n” ﬁ ui
L Y] {=1

simplex & We put

Pi = A;pne-f""’ We will prove



hm‘ 4 1

2 2,.,13
ui-u

I»a i »

KiXj n (HH)
utu, 2

ntl
& x
n+t
4'Z= Q.t u.,,t.lJ1-ﬂ(n--0.rrut
5

nt

4t 1,0l L
6 & xixi » L v+ g nOnt0onn T] =
5 Y] [($3}
nt nt Ll 1
LD xitnLay B2 L xExE
t=1 i=1 L2j

PROOF.
Mt A Xa e Mespinee . Be  the @arycentric  coordinateg
of the point p. We have

n

nil
p=Z XA and Xdo, 2 A =t.

ntd
MoAL+ (4- A7§ M = MALY (- AD) py 5 we
L

1.Since

p=
have that Mat.t 7 )
ul Al J;‘
Hence

4+ el , k‘
T Al
=1 (8 14 ‘gj ( .x' ., X'L ) -

Taking inte  account that .%i....ﬁ > 2 we obtain
. N

s e A }——"L 2= n(n1)

2‘ il ney 2
H“! TTU-X‘)
Tﬁ_ = —i=! 9 60": "’A = ; Aj ) 8] ]-[ X} anal
=1 - tr)“ : "

1 i X
: ﬁ]u-m; n"z;[m etc .

3. el nt h' A )_ X 4
gﬁﬁ=]>q(")‘%u%+f‘i'u'i) 3 60{' 'i-:-uo'{.-xi_*.u]b Quq!uj* ’



4 nt 1,m ka A‘ 1,ni A‘)‘ 2
iﬁ:i (‘;#UT+;FUT)+ QZ_!J.’W Ug o @at
L=t ) 4 t Rl
L)#9,
Xﬂi a . N 2 et ) TRV 2 ™ “'ii
i';u" 4--)‘{-uL 2 uuj and z; S Yq 2 n(n?-1) TTw? .
Lj#e
5 Itz I
3 : Nl Y ; A
R S a7 R r g B |
= E M 3 - Therefore »n‘_u_‘_M 3
L

4 we add aff the terms for (,)=1,2,...,n41 for

)
éut
4 nat no el 1
lZA"’A "y 2w T
Therefore
sl n#t 2
XiXj r(n+) wyTw B(ny )
'5;‘: o TT AT S
6.
1 il
Xix; = [(g )\.) O Wiy + uiuj Because lZM A=
Kif
o
Conseq,uentﬁtd Xi Xy % (“"7};[5.—;'5— Uiy r L U (1)
. bl
Using  the refation
1,04 s ¢ ) ﬁ uﬁi%i"
- e - (2)
}; Mep T2 Tt x;?‘ﬁ‘-ﬁ ‘ .
w=d

we obtain  from



2

i X1 e A e ]"‘ Kk i
'l)j lX; ) l)j u._u'l + > o ). u. 9 (3)

éut
nid ity - 2
{= ?':’)\1 )(nﬂ)ﬁ Yu
and the refation (3) wi 24 Sive

L

\

‘S n(n+Nn>-1) &
¢ e n - né
XiXj 2 = Qiuj+ 2 klul ™

L™

7. We haue U, = -12"-;‘- i, »There{‘ore
=N

el 44 1

A\ (n-10U=-Ai)+ NA; n-(1-M

- E e . e O na=ld) o o
(n-1) g‘ xi #nl i E A % ; TR

L8

"4 nel

= n #‘le’

o A et

-

-

dut n= g (1-2) and we oBtain C(Schwarz)

=4

i 1 P s niq LMl 4 4
Xi ]
& e [Exd] = B2 1F i,

i K= >
or

i’

il 1,1 14 '
2 . , 3
cnngkwng‘u‘azg %2 x %,

Proposition 4.
let & B a n-simplex in R™ and p a point
in  the interior of 6", Let the  midpoints of the

segments Ay PsAzPs ..o Amu p  ©e BesPay- oo o Hnes W cOn-
sider the hgperplane ni  which pass through P and
'S paraltel to hyperplane in which lies tre & 2
This  cuts Jrom 6" a n-simplex which has Ai as

one of its vertexes.lf Vi is the wolume of this



simplex, we  shall  prove

N+

n) 2 (n)
2V > (8) mm

(ngn™”
PROOF. ,
1 1
We set p=:2:XiA1 with A >O and é‘)\i =1. We
haue
p=5CA+p) =% [ A+ Aa Ay do X A GODAL NinAiayr -t )\n«Am]
and
(Aipd) _ =2 s 1 (n-9
Rip) 2 CRmman.:
Therefore

(w) 1_A' v (n)
Vie =[S ¥
We sum with respect to L fom 1 to wn+f

and we obtain

o S Lone " Y
2 Vi = A V20
Tg,k'l'ns into account the  refation

nil n
% (120 » [éu-ml o

e TV L S T

we oBtain the desired  resubt.
Equality hotds 1! and onby W p is the Bary-
center. i

Proposition 5.
let &™ ©8e a n-simplex in R™ with vertexes

.A'\sAa,-- -y Anﬂ th 6(1) a q- *ch \Vlth Ve"*exes

nat ndi
A1QA3,.-., A‘“ (q<ﬂ) l* P'-- ‘Z“AI-AL, X‘>,O E)sz, and



10

Qe
q=2 pjA; we shat prove that

i=

M%é?ﬁhwd

with (%), where d ig the. diameter o &™)
PROOF,
= S i~ p e
We have q-p=£ WAl -P =L piA -2 Wp=Z AP
uﬁna
izt

e ! i
Aj-p= Ea\i Aj -EA;A;’.—_Z A CA;-AD

we ogtatin *mm €))

i1 nHt
q-P =2, ; Ay (Ai-AD (2)
The nrumeer of the terms in ther riaht-hcmd side
od @ s (qt)(ntD). OF +this summand the q+1 | are
equal to zero, and [Aj-A<Ld., So we have

[3-P| s_?::: ?:':Aamd

for |, I{l we take {-or P>9 the (¢entroids, then
the  aéove relation  reduces to 19-pl € &5 d.
( ALEKSANDROY : ComBinatoriaf Topo?oga page 214 )

The Llei@nitz: formula and €“simplex.

& let A, Aa, Ly A, ée n points in R‘d, with
masses Mismas...;mMn and let G @ the Barycenter
(That is for @ point o Sé= m‘%m@f;;ﬁ%)

H p is any point in R » the  following velotion

holds

g m; f:'lf = m\:za* i;’m( 63-" (Leidniz formula) )

M= M+ Mat... + My,



We set (AcA)) = (A;A) = aij = aji.
wWe shafl prove the fﬁ??owins Jormuta

= tae roe 1 2 2
i rm; pAL = mpG +'; gjmlmj agj - (2)

1t 'suﬂice.s 1o prove that

n
ZmiGA; Y m;_quiq (€))

%
= m Oj
We use the mathematical induction,

The rePation (3) is elementary for n=2. So
for any twe points Am) and Axlm;) we have

—s 2 — 2 a s
m.GA; + M2 GAy =E,‘7'?f:,;f ‘ )

We : suppose that the Proposition holtds {or
n=k.

Let G @e the Garycerter of the points Admo,
Aalmydy .. . g Aimd ard @ the 8arycenter of +the
points Almy) 4 Al .. . A(m) ) A (M)

For the two points G (m=mpamgt--+mO and  Axu(my)

we have, occovd{ns te &)

2 s =%
MGG + my,, G'Ager = MWMup G Awsy (5)
Mt Miges

’

we. put in (2) p=G and obtan

— 1
i m; G'AL’ = mC?Ziz-!- ,—3‘- fm-.m;, a’ij )

We add (%) and (@)

P . Chees | 1 & 2
4 WiMy Wil 1 s ol
£ mi GA = e YW & m;m; dij n

we put in relation (@ p=Au: and we solue for
z . . . - Al
GAw  ond we substitute ut in (7). After the simn-
plifications we have



et L 1,K41
A 1 . 8.
EmbGAt=m‘mm ttn mom; aij

We now opply the tormufas 1) and (D to a
6™~ simplex.

We consider the 67~ simpeex in R™  with ver-
texes A Azy-..9Anw ond et p e an interior
- point.
we have p-,g:)\aAz and >\-.>o,:ﬁ=:x;=1.

The formufa ) jJor a point 9 @ecomes

nH a o nat T
;ﬂ N gk = pg*+ 2 A PA: (@
or
Ll — iy —
Aan;z % QL- M pﬁ\';" @)

i=1

..
U]

1
Equality for g=p.
# q «coincides with the «center of the n-circum-

sphere ond (gqAi) =R we have

i

R? % =N pA (1)

H we wuse the ftomula (2), we obtain

L) e 1,
-Z‘ A ‘;R'l = qu + E A o%j (11)
"l L3 n4l a
‘ :é.,)i C-}—A'i > ‘-t)j Xi \; Qi (12)
1,041
R* %, i): AN aia"‘ (12)
(§%1

A tlarge numeer of inequalites can @e obtail -
ned {Jrom the reflations 9410, 11,12 and 13 eg



nH

4w
a)g; )\30.:; > (m-ﬂ).—_)\ pA

1,71
&) Zg )JGH > Cn+1) z )‘ix.i G:

=1 "_'
f Qij
&) R % Guimcmess

4
{nn ) n-1) 2 ~
d) R -15- gj vy, q?;] with  BaE N L

i=t
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